Spectral estimates for periodic fourth order operators 

Andrey Badanin * Evgeny Korotyaev ' 

August 5, 2008 



Abstract 

We consider the operator H = 4^ + -^p-^ + q with 1-periodic coefficients on the real 
line. The spectrum of H is absolutely continuous and consists of intervals separated 
by gaps. We describe the spectrum of this operator in terms of the Lyapunov function, 
which is analytic on a two-sheeted Riemann surface. On each sheet the Lyapunov 
function has the standard properties of the Lyapunov function for the scalar case. We 
describe the spectrum of H in terms of periodic, antiperiodic eigenvalues, and so-called 
resonances. We prove that 1) the spectrum of H at high energy has multiplicity two, 
2) the asymptotics of the periodic, antiperiodic eigenvalues and of the resonances are 
determined at high energy, 3) for some specific p the spectrum of H has an infinite 
number of gaps, 4) the spectrum of H has small spectral band (near the beginner of 
the spectrum) with multiplicity 4 and its asymptotics are determined as p — > 0, q = 0. 

1 Introduction and main results 

We consider the self-adjoint operator H = 4j + :§p4 + q, acting in L 2 (K), where the real 
coefficients p, q are 1-periodic and p,p',q G L 1 (0, 1). Here and below we use the notation 
F = dt j = The spectrum a(H) of H is absolutely continuous and consists of non- 
degenerated intervals (see [PS] ). These intervals are separated by gaps with length ^ 0. 
Introduce the fundamental solutions <fj(t, A), j G N° = {0, 1, 2, 3} of the equation 

y"" + (py')' + qy = Xy, (t, A) g r x c, (1.1) 

satisfying the conditions: (fij k \o, A) = 5jk,j,k = Ng, where 5jk is the standard Kronecker 
symbol. We define the monodromy 4 x 4-matrix M and its characteristic polynomial D by 

M(A) = Wf\l, A)}} 3 fcj=0 , D(r, A) = det(M(A) - tJ 4 ), r, A G C. (1.2) 
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The matrix valued function M is entire and real on R. An eigenvalue r(A) of M(A) is called 
a multiplier, i.e., it is a zero of the algebraic equation D(t,X) = 0. It is known that if 
r(A) is a multiplier of multiplicity d for some A G C (or A G M), then t _1 (A) (or r(A)) 
is a multiplier of multiplicity d (see |Tf] ). Moreover, each M(A),A G C has exactly four 
multipliers rf^A), r 2 ±1 (A). Furthermore, cr(#) = {A G C : |n(A)| = 1 or |r 2 (A)| = 1}. Now 
we formulate our preliminary result about eigenvalues of the monodromy matrix. Below we 
use z = A*, arg z G (— f , f ] for A G C. 

Theorem 1.1. Let t v ,t~ x ,v = 1,2 6e eigenvalues of M. Then 

1) The Lyapunov functions A u = \{j v + t^ 1 ), ^ = 1, 2, are branches of A = 7\ + ^/p on i/ie 
iwo sheeted Riemann surface 1Z defined by Jp~ and satisfy 

A u = T x - (-1)^, P = ^±A-T 1 2 , T^TrAT, (1.3) 

D(r,-) =det(M-r/ 4 ) = (r 2 -2A 1 r + l)(r 2 -2A 2 r + l), r G C, (1.4) 

Ai(A) = coshz(l + 0{l/z)) as |A| -> oo, \z - (1 ± i)im\ > 1, n ^ 0, (1.5) 

A 2 (A) = cos z(l + 0(1/ z)) as |A| — > oo, |z- (l±z)7rn| > 1, |z-7rn| > 1, ri ^ 0. (1.6) 

iij If A U (X) G (—1, 1) /or some (z/, A) G {1,2} x ffi. and A zs noi a branch point of A, then 
A;,i A) / 0. 

T/ie following identity holds: 

o(H) = a ac {H) = {\ER: A l/ (A) G [-1, 1] /or some i/ = 1, 2}. (1.7) 

Lei = {A G 1R : A^(A) G [—1, 1]}, z/ = 1, 2. Then the spectrum of H in the set s\ PI s 2 has 
multiplicity A, and the spectrum in the set cr(H) \ (si PI s 2 ) has multiplicity 2. 

Remark. 1) The functions Ti, T 2 , p, D± = | det(M =F J4) are entire and real on M. 

2) Asymptotics (I3.15P show that p > on (r, +00) for some r G M. For the 2x2 matrix 
Schrodinger operator the corresponding function may be equal to (see [BBK] ). 

3) Theorem 11.11 is standard for the Schrodinger operator with 2x2 matrix- valued potential 
[BBK], for the Dirac system with 4x4 matrix- valued potential [K] . Some similar results 
for the periodic Euler-Bernoulli equation (ay")" = Xby see in [Pl] , |P2j . [PK] . and for the 
operator H see in |T1] . |T2j . 

The zeros of D + (oy DJ) are periodic (or antiperiodic) eigenvalues for the equation (11.11) . 
Due to (11.41) . they are zeros of A u — 1 (or A u + 1) for some v — 1, 2. Denote by Aq , A^, n = 
1,2, ... the sequence of zeros of D + (counted with multiplicity) such that Aq ^ A 2 ^ A^ ^ 
Aj ^ A4 ^ A 6 ^ ... Denote by A^.-^n = 1,2, ... the sequence of zeros of _D_ (counted with 
multiplicity) such that A|f ^ A^ ^ A3 ^ A3 ^ A5 ^ A^ ^ .... 

We call the zero of p the resonance. The resonances of odd multiplicity are branch points 
of the Lyapunov function A. The resonances can be real and non-real (see [BKj ). The 
function p is real on IR, then r is a zero of p iff r is a zero of p. By Lemma 13.31 iii), p has 
an odd number of real zeros (counted with multiplicity) on the interval (— r, T) C M, T = 
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4(7r(iV + |)) 4 for sufficiently large N ^ 1. Let r$ , r^, n G N be the sequence of all zeros of p 
in C (counted with multiplicity) such that: 

is a maximal real zero and r+ £ C_, ... ^ Rer+ +1 ^ Rer+ ^ ... ^ Rer+, 
if r+ G C_, then r~ = r+ G C+, 

if r+ G K, then r~ G R and r~ ^ r + ^ Rer~_ 1; m = 1, 

Let ... ^ r~ ^ r ry_i ^ ••• ^ r n 3 ^ r n 2 ^ r n 1 ^ ^ ^ r o > J ^ 1, be the subsequence of all real 
zeros of p. Then p(A) < for any A G (r^. +1 , ^ 1. 

Note that if p = q = 0, then the corresponding functions have the forms 

o cosh vz + cos vz (cosh z - cos z) 2 
T^ = , p u = ^ D ± = (cosz =F 1) (cosh 2; =f 1), (1.8) 

and = cosily, A!] = cosz. Moreover, the identities fll.Sp give p° ^ on R_ and the 
corresponding resonances rj" = 0, = — 4(7m) 4 . 

We describe the spectrum in terms of the Lyapunov function. 

Theorem 1.2. For each n ^ 1 £/iere exis£ 5 cases: 

%x) the junction A rea/ analytic and A' 7^ on cr^ = (Aj_ 1; A~) ; and A{a' Tl ) C (—1, 1), 

i 2 ) there exists a zero X~ of p sitc/j that X~ < minjA^^ A~} and one branch of A is real 
analytic and its derivative 7^ on o~~ = (A,^, A^_ 1 ) and another branch of A is real analytic 
and its derivative 7^ on cr+ = (A~, A~), 

is) there exists a zero A+ of p such that A+ > max{A^_ 1; A~} and one branch of A is real 
analytic and its derivative 7^ on o~~ = (A^_ 1; A+) ; and another branch of A is real analytic 
and its derivative 7^ on cr+ = (A~, A+). 

Moreover, in the cases i 2 ), i-s) let a' n = a~ U a+ , then A(a' n ) C (—1, 1), furthermore, the 
zero A^ of p has multiplicity 1 (it is a branch point of A) or 2. 
ii) The spectrum cr(H) satisfies: 

a(H) = U n ^l(T n , O n = a' n , (T n H CT n+2 = 0, Tl ^ 1. (1.9) 

The spectrum a(H) of H has multiplicity 4 in the set 

64=(UK.nCi))[j( U (*»n<tf)Y (l.io) 

The spectrum o~(H) has multiplicity 2 in the set & 2 = c(H) \ 64. 

Remark. 1) In the case i 2 ) the function A is real analytic on (A~, A~ + e) for some e > 0. 
Then p > on this interval. Hence A~ = r~ for some m ^ 1. In the case ^3) the similar 
arguments show A+ = r+ for some m ^ 1. Thus, endpoints of the intervals cx n are periodic 
or antiperiodic eigenvalues or resonances. 

2) For the small coefficients p, q we have the case i 2 ) at n — 1 and the cases ii) for n ^ 2 
(see Theorem 11.41 and FigfS]). The typical graph of A is given by Fig{TJ In Fig{T]we have the 
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Figure 1: Graph of the typical function A and the corresponding spectrum of H. For 
example, the numeric research of the Lyapunov function for the operator H with p = 0, q = 
7 J2 n & ~~ n )> 7 = 7937.7, shows that the graph of this function has the similar form. 



case ii) for n = 1,2, 3, 5, the case i^) for n — 4. For the Hill operator we have only the case 
h). 

3) Identity fll.lOp shows that the spectrum cr(H) of H has multiplicity 4 on the intervals 
a' n H cr^ +1 and cr~ fl (since two branches Ai(A), A 2 (A) G (—1, 1) for all A G <j~ PI cr+). 

4) In Lemma [4.21 we prove that if the resonance r is an endpoint of the gap 7 and A(r) G 
(— 1, 1), then r has multiplicity 1 or 2. Moreover, the spectrum u{H) near the resonance r 
has multiplicity 4. If the gap 7 is non-empty, then the resonance has multiplicity 1 and it is 
a branch point of A. 

5) For the Euler-Bernoulli equation all resonances have multiplicities 1 or 2 and belong to 
IR_ (see [PKJ) and the spectrum lies in M + (see |Plj ). The point is the unique resonance, 
which is a (lowest) endpoint of the spectrum. 

We formulate our theorem about the asymptotics of the periodic and antiperiodic eigen- 
values and resonances at high energy and the recovering the spectrum of H. 

Theorem 1.3. i) Each o n = [A„_ 1( A~],n ^ no for some n$ 0, and the spectrum of H has 
multiplicity 2 in <y n and the intervals (A~, A+) 7^ are gaps. Moreover, r^, A^ satisfy: 

r± = -4(7m) 4 + 2p (Tm) 2 ± v^HKJ + 0(1), (1.11) 

Aj = (vrn) 4 - p (7rn) 2 ± vm^ + 0(1) (1.12) 

as n — > oo ; where p = L p(t)dt, p' n = p'(t)e~ l27rnt dt, n ^ 1. If \p' n \ ^ for all large 
n and for some a G (0, 1), then there exists an infinite number of gaps 7„ such that \*y n \ — > 00 
as n — > 00. 
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ii) The periodic spectrum and the antiperiodic spectrum recover the resonances and the spec- 
trum o~(H). The periodic (antiperiodic) spectrum and resonances recover the antiperiodic 
(periodic) spectrum and c(H). 

Remark. 1) The spectrum of H on o~(H) has multiplicity 2 at high energy. The spectrum 
of the 2x2 matrix Schrodinger operator (see [BBKj . [CK] ) and 4x4 Dirac operator (see 
[K] ) at high energy roughly speaking has multiplicity 4. 

2) The periodic and antiperiodic eigenvalues of our operator accumulate at +oo and the 
resonances accumulate at — oo. In the case of the periodic NxN matrix Schrodinger operator 
on the real line (see |CK] ) the periodic and antiperiodic eigenvalues and the resonances 
accumulate at +oo. In the case of 2N x 2N Dirac operator the periodic and antiperiodic 
eigenvalues and the resonances accumulate at ±oo (see [K]). 

3) In the case p = the asymptotics of periodic and antiperiodic eigenvalues and resonances 
are determined in terms of q n = L q(t)e~' l27Tnt dt (see |BKj ). 

4) Asymptotics fll,12p yields that if the Fourier coefficients p' n of p' are slowly decreasing, as 
n — > oo, then the spectrum o~(H) has an infinite number of the gaps j n , which increasing, 
as n — > oo. If p = and q G -^ 1 (0, 1), then the gaps 7„ are decreasing, as n — > oo (see |BKj ). 

5) Under some conditions on the matrix potential the number of gaps in the spectrum of the 
matrix periodic Schrodinger operator (see |CKj . |MVj ) and of the Dirac system (see [K]) is 
finite. 

We will show that for small potentials the lowest spectral band of H contains the interval 
of multiplicity 4. Below we will sometimes write p(X,p), ... instead of p(A), when several 
potentials are being dealt with. 

Theorem 1.4. Let H £ = + £^p4f, £ G K. and p = 0. Then there exist two real analytic 
functions r^(£),Ao"(e) in the disk {\e\ < S\\ for some E\ > such that r^"(e) is a simple 
zero of the function p(-,ep), and Ag~(e) is a simple zero of the function D + (-, ep), r^(0) = 
Aq (0) = 0. These functions satisfy: 

r-o (e) = 2e 2 (Av 1 - v 2 ) + 0(e 3 ), A+(e) = 2e 2 (Av 1 - v 2 ) + 0(e 3 ), (1.13) 

- r (e) = 4A 2 e 4 + 0(e 5 ), A= l ^-^ = f* p(s)dsj * dt > 0, (1.14) 
as e — > 0, where 

v u = [ dt [ p(s)p(t)(v-t + s)(t-s)ds, u = l,2. (1.15) 
Jo Jo 

Moreover, if e G (— £i,£i) \ {0}, then Tq(e) < Xq{b) and the spectrum of H £ in the interval 
(tq(e), Aq (e)) has multiplicity 4- Other spectrum has multiplicity 2. 

Remark. 1) Graph of the Lyapunov function for small coefficients is shown by FigfSJ 

2) The similar result holds for the case p = and q — >• 0, see |BKj . 

3) The spectrum of the Euler- Bernoulli operator has multiplicity 2 jPl] . It gives that for 
some small specific p ^ 0, q ^ the spectrum of our operator H has also multiplicity 2. 
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Figure 2: The spectrum of H 6 for small e. 

There exist many papers about the periodic systems on the real line (sec [BBK], |Calj . 
[Ca2], [HE], [SI!, ED, [CHGLj . [GEj . [Ey|, [K], [H], |YS]). The Riemann surface for 
the Lyapunov function and the sharp asymptotics of the periodic and antiperiodic spectrum 
and the branch points of the Lyapunov function (resonances) for the periodic N x N matrix 
Scrodinger operator were obtained in [CK] (in [BBKJ for the case N = 2) and for the first 
order systems in [K] . Moreover, estimates of the gap lengths in terms of potentials and some 
new traces formulas were obtained in [CK], [KJ. 

The Euler-Bernoulli equation (ay")" = Xby with periodic coefficients a, b was studied in 
|Plj . |P2j . |PKj . The spectrum lies on R + , endpoints of gaps are periodic and antiperiodic 
eigenvalues, see |Plj . Moreover, some inverse problem results (similar to the Borg theorem) 
were obtained in this paper. The more detailed analysis, including the position of the 
"Dirichlet" spectrum, was given in |P2j . A leading term in asymptotics of multipliers for 
the 2N order periodic operator are detremined and an explicit formula for the spectral 
expansion |T3j was obtained, the case N = 2 see in [Tlj . [T2j ). The asymptotic estimates 
for the periodic and antiperiodic eigenvalues of the operator (— l) N 4&?r + q, where q is a 
periodic distribution, were obtained in [MMlj . |MM2j . 

In |BK] the following results for the operator H with p = were obtained: 1) the Lya- 
punov function is constructed on a 2-sheeted Riemann surface and the existence of real and 
complex branch points is proved, 2) asymptotics of the periodic and antiperiodic eigenvalues 
and resonances in terms of the Fourier coefficients of q are determined, 3) asymptotics of Pq 
and Xq for small q are determined. Note that the "correct" labeling of spectral bands and 
gaps is absent in |BKj . 

In the present paper we give the more detailed description of the spectrum, than in [BKJ , 
for the more general operator. We extend the results of [BKJ to the operator H with p ^ 0. 
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Using the more careful local analysis of the Lyapunov function we describe the spectral 
bands a n in terms of this function, including the multiplicity of the spectrum, and determine 
the high energy asymptotics of bands, equipped with "correct" labeling. 

Note that the operators H = 4s + 4j»4 + q and A = 8-^ + 6p4 + 3p' constitute a 
Lax pair, where p = p(t,r),q = q(t,r) and t is a space coordinate and r is a time. The 
corresponding nonlinear equation H T = [H, M] has the form [HLOJ 

p T = 10p"' + 6pp' - 24q', 
q T = 3(p^ + pp'" + p'p") - 8q"' - 6pq' . 

We present the plan of our paper. In Sect. 2 we obtain the basic properties of the 
fundamental solutions <Pj,j G Njj. These results give the analyticity of M on the complex 
plane. In order to determine the asymptotics of M(A) as |A| — > oo we define and study the 
Jost type solutions of (11.11) (they have a good asymptotics as |A| — > oo) in Section 3. Using 
the properties of the Jost type solutions we determine the asymptotics of the monodromy 
matrix and multipliers at high energy. The corresponding technical proofs are given in 
Appendix. In Sect. 3 we also obtain the main properties of the Lyapunov functions and the 
function p. In Sect. 4 we prove Theorems ll.ltil.3l In Sect. 5 we consider the operator H 
with the small coefficients and prove Theorem 11.41 

2 Properties of fundamental solutions ipj : j = 0, ..,3 

The fundamental solutions cp^(t,X), (j,t,X) G N|| x f x C of the unperturbed equation 
y"" = Xy are given by 

n cosh zt + cos zt n sinh zt + sin zt n cosh zt — cos zt n sinh zt — sin zt 

^ = 2 ' ^ = 2z ' ^ = 2? ' ^ = 2? ' 

(2.1) 

recall that z = x + iy = A 1 / 4 , argz G (— f , f ] and x ^ \y\. Let ||/|| = J Q \ f(t)\dt < oo. 
Lemma 2.1. i) Each function (fij(t, ■), (j,t) G N° x R + is entire, real on R and satisfies: 



max 



{|A^^ fc) (t,x) -E^ A ))|} < J^n *= Ibll + Ib'll + Ikll, (2.2) 



for all N ^ 0, A G C, where \z\i = max{l, \z\}. Moreover, each function T v = | Tr M u , v = 
1,2, is entire, real on M. and satisfies 

\T V (X)\ < e xu+ ", \T V (X) - T°(A)| < ^e w+x , A G C. (2.3) 



2 z 



ii) Let q = 0,po = p(0) = 0. Then 

) 3 

6\z\l 



T u (X)-T^X)- Vu (X)\^^ T e x ^, (i/,A)G{l,2}xC, (2.4) 
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where t 

r]v(\)= dt p(s)p(t)<p° 1 (u -t + 8,\)<pl(t- s,X)ds. (2.5) 
Jo Jo 

Proof. Each function <£>°(i, •), (j, t) G N§ x 1, given by ( 12.11) . is entire and satisfies: 

= E* , i-»W^*w = ^-*(* +a )' WWl ^ ^fr- < fu' (2 - 6) 

where (A;, s) G N° x R. Here and below in this proof <p^(t) = (p^(t, A), ... 
i) The fundamental solutions y^' satisfy the equation 



ipj{t, A) = ^(t) - / p°(t - s) Uj (s)ds, Uj = (p^y + q(pj , (j, t) G N° x R. (2.7) 
Using (I2.6p . we deduce that Uj satisfies the integral equation 

Uj (t) = u 0d (t) -I K 3 (t,t- s) Uj (s)ds, uoj(t) = Kj{t,t), (2.8) 



o 



K J {t,s)= P {t)^ 2 {s)+p\t)^ 1 {s) + q{t)^{s). (2.9) 
The standard iterations yield 

ft 



(t) = y^Mnjft), u n+ld (t) = - K 3 (t,s)u n .j{s)ds. (2.10) 
Substituting fl2TT0l into (EZD we obtain 

^'(*) = E^'^' ^n+lj(i) = - / ^3^ - (f0,j = <P°j (2-11) 



and (12.101) gives 



u n At) = (-1)' 



/ ( II Ksih-utk-i -t k )\u j(t n )dt l dt 2 ...dt n . (2.12) 



0<t„<...<t 2 <ti<t =* ^ fc ^ n 



Using (12.6p . identity ( 12. 9ft provides 
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{ 3 V kli M? \z\\ J 



Substituting these estimates into (12.121) we have 



\z\{ + n\ V \Ai Mi Mi / 



(2.13) 



Substituting these estimates into (12.111) . we obtain the estimate 



u mi< {Kt)n r*< {Kt) \> 

Hi 71! 



This shows that for any fixed t G [0, 1] the formal series (12.111) converges absolutely and 
uniformly on bounded subset of C. Each term of this series is an entire function. Hence the 
sum is an entire function. Summing the majorants we obtain estimates (I2.2p . 

The trace of the monodromy matrix is a sum of its eigenvalues. The set of these eigen- 
values at A G M is symmetric with respect to the real axis. Hence each T v is real on R. 

We will prove (12.3R . We have 

3 3 

4T, = TrM^ = TrM(z/)=^^ ) (^) = E^ A* = Z^SW' u = 1 ' 2 - ^ 

k=0 n^O fc=0 

Identities (TO . fl2TTT]) imply 

¥>S(*> A) = - / y?°_ fc (t - 8, X)u n>k (s, X)ds, k G N°. 
Jo 

Estimates (El, 0233} give \<f ( ^ k (u,X)\ <: ^e xu , which yields 



|/ ra (A)|^^, n^O. (2.15) 



The last estimate shows that the series (12.141) converges absolutely and uniformly on bounded 
subset of C. Each term of this series is an entire function. Hence the sum is an entire function 
and each T u is entire. Summing the majorants we obtain (12. 3p . 
ii) Identities f l2~TD . (jZHJ) yield 



fz/x) 3 



\T V ~ fuo - fui ~ U < K -—^e xv+ ". (2.16) 
If we assume that 

Uo=T°, U = 0, f u2 = Vu, (2.17) 

then substituting fl2~T7j) into we obtain (J23D- We will show fl2~T7l) . 

The first identity fl2~T7l) follows from (jZHJ) . Identities tfTty . fl2~HD . fl2~TT|) give 

/,i=-e r^i.*(^-*)(p(*)^2- a (*)+i»'(*)^*-i(*))*=-^iw [ u p(t)dt-^» [ u p(t)dt, 

k=0 Jo Jo Jo 



which yields the second identity in (12.171) . Substituting (I2.10p into (12.111) and using (12.91) . 
( 12.61) we obtain 

f»2 = J2 dt ^3(i,*-s)^- fe (^-0(p(s)^- 2 (s)+p'(s)^-l(s))^ 



v ft 
JO 

fV ft 

dt / {p{t)p{s)y n {t-s)+p\t)p{s)y l2 {t-s)+p{t)p\s)^ 

'0 JO 

where <Pkm{t) = ^\{y — fyty^Sf)- Integration by parts and identity p(0) = give 

ft fV ft 

dt I p' (t)p' (s)<p 22 {t - s)ds = - dt p'(t)p(s)((pi2(t — s) — (f>2i(t — s))ds. 
o Jo Jo Jo 

Then f u2 = Jq dt f Q p(t)p(s)<pn(t — s)ds + J, where 

J= f dt f (p(t)p\s)+p'(t)p( S ))v2l(t-s)ds 

Jo Jo 

fV ft fV fV 

\ dtp(t) I p'(s)(p 21 (t- s)ds+ / dsp(s) / j/(t)<p2i(t-s)dt 

JO JO Js 

fV fV 

dtp(t) I p(s)((p 20 (t-s)-(fn(t-s))ds- dsp(s) p(t)((p2o(t-s) -(p n (t-s))dt = 0. 



We have f u2 = dt J Q p(t)p(s)(pu(t — s)ds, which yields the third identity in (12.171) 



3 Asymptotics 

We introduce the diagonal matrix Q = = {<5fcj^j(A)}| - =0 , where Uj = ujj(X) satisfy 



(w ,wi,W2,w 3 ) = (1, — i, i, — 1), AgC+, fi(A)=fi(A), AgC\1. (3.1) 
Recall that z = A 1/4 , A G C, arg z G (-f , f]. Identities (EU) yield 

Re{zu ) > Re(zwi) ^ Re(^ 2 ) ^ Re(^ 3 ), z = A 1/4 , arg2 G (-^, J, A G C. (3.2) 

Introduce so-called Jost solutions $j(t, X),j G Njj, (t, A) G R x C which satisfy equation ( 11.1ft 
and the asymptotics A) = e ZUJjt (l + o(l)) as |A| — > 00 for each fixed t G [0, 1]. We take 
$j(t, X),j G N° which satisfies the integral equation (see [N] ) 



• i 3-1 , ,t 3 



4il / E^^^iW^ - h I iZ^^g^ds. (3.3) 



n=0 u n=J 



where ^ = {p&'j)' + qfij- Note that this equation has unique solution for all |A| > R and 
some R > (see [N]). Let 

A r = {A G C : |A| > r 4 max{l,x 4 }}, r > 0, A± = A r D C ± , (3.4) 

recall x = \\p\\ + + \\q\\. We will prove the following lemma in Appendix. 
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Lemma 3.1. The following identity holds: 

M = (^o)^(^o)" 1 on A h where $ = {</> kj }l j=0 = (3.5) 

% = Z- x Q t e- M , e t = {$f \t, -)}| i=0 , Z = {S kj z k }% j=0 . (3.6) 
The functions (j) k j, k,j G N° are analytic in Af and satisfy: 

l0ii(A)| ^ t |0jy(A) - AG A 3 , (3.7) 

fci (A) = 0(^ 2 ), fc ^ j, 0jj(A) = e"— + 0(z~ 3 ) as |A| -> oo, (3.8) 

12 (A) = -2e 2 2 + O(e 3 ), 02i(A) = -2^ + O(a as z = tto + Ofa" 1 ), (3.9) 

0oi(A)0io(A) = 2|£| 2 e 4 + O(e 5 ) as z = (l + t)7rn + 0(n~ 1 ), n -> oo, £ = (3.10) 

Remark. 1) Identity (13. 5p shows that the matrices $e 2f2 and M has the same eigenvalues. 
2) If p = q = 0, then $ = J 4 and T° = ^ Eo ^ = x > 2 - 
We introduce the function 

T = 4T 2 - T 2 , T° = 4(T 1 ) 2 - T 2 ° = 1 + 2 cosh z cos z = - e 2( ^+ Wfc) . (3.11) 
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Lemma 3.2. The functions T X ,T satisfy 

1 3 1 
T 1 = -J2<Pkke ZUJk , T = - v jk e z ^+"*\ v jk o n o H: - o jh o, r (3.12) 

0sjj<fc<3 

ITi (A) - T°(A)| ^ ^e x , \T(X) - T°(X)\ <: A G A 3 . (3.13) 

\z\ \z\ 

Proof. Identity ( 13. 5ft gives Tr M = Tr$e zf7 , which yields the first identity in ( 13.121) . More- 
over, due to (13.5p . we have 

T 2 = 1 Tr M 2 = i Tr($e zQ ) 2 = J fe 4^ + 2 £ ifc fci e 2( ^ + ^ . 

Substituting this identity and the first identity in (13.121) into (13. lip we obtain the second 
identity in (13~T2"|) . Identities (13~T2"|) give 

1 3 1 
Ti-TN-^e^ffe-l), T-T° = - ^ e'^"\v jk -l). 

k=0 0^j<fc<3 
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Estimates (13.71) and e ZUk ^ e x provide the first estimate in (I3.13p . Estimates (13. 7p yield 
\v jk - 1| < - 1| + \4>kk - 1| + - l||0fefc - 1| + |0jfc||</>fcj| ^ 2— I 1 H I < 



on A3. Using the estimates e z ^ w ^ +u>h ' e a ' + ' y ' we obtain the second estimate in (p?J 



Introduce the simply connected domains V n = {A G C : (A 1 / 4 — (1 ± i)nn\ < ^75}, n ^ 0, 
and let P = C \ U n ^oD n . 

Lemma 3.3. i) The function p, given by U.3\) . is entire, real on R and satisfies: 

|p(A)-p°(A)|^e 2 *+", AgC, (3.14) 
|z|i 

|p°(A)|>i-, AGP, P (A)=p°(A)(l + 0(A- 1 / 4 )), |A|-oo, AgD, (3.15) 
lb 

P = ^ (^4e (1 -^0oi0io + (0ooe* - 0ne~ iz ) 2 + 0(1)J , |A| -»• 00, x - y < tt. (3.16) 

ii) For eac/i integer N > uq for some n$ ^ 1 £/ie function p has exactly 2N + 1 zeros, counted 
with multiplicity, in the disk {A : |A| < 4(7r(A^+ |)) 4 } and for each n > N , exactly two zeros, 
counted with multiplicity, in the domain D n . There are no other zeros. 
Hi) The function p has an odd number of real zeros, counted with multiplicity, on the interval 
(-r, T) C R, r = 4(vr(iV + \))\ N > n . 

Proof, i) By Lemma 12.11 the functions T u , v = 1, 2 are entire and real on R. Then p is 
entire and real on R. We have 

P = — 2 ^ =-smh 2 sm 2 • ( 3 - 17 ) 

The first identity in (13.171) yields 



\ P (\)-P°(X)\< 



l^(A) T 2 °(A)| + |Ti(A) _ t q (a) || Ti(a) +T o^x)l A G C. 



Then estimates (12.61) . (12.31) provide (13. 14H . Using (13.171) and the estimate e^ < 4| sin2;| for 
\z — 7rn\ )|,ti6Z (see [PT]), we obtain 

1 1 2x 

IpOmi > ± e 2|lm^| + 2|l m ^| = _L e \v+x\+\V-*\ = & _ XeV, 

lH v n 16 16 16 

which yields the first estimate in (13.151) . This estimate and (I3.14p give the asymptotics in 
(USED- 

Identity (I3.12p implies 

^i(A) = \ (0oo(A)e z + n (A)e- i2 + 0(e~ x )j , T(A) = ~ ^"^(A) + 0(1) 
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as |A| oo,x — y ^ n. The last identity in (14. ip gives 



; i-- 



e {1 - i)z v i + 0(1) 



+ ^Uo,e z + ( j )ll e- iz + 0{e- x ) 



= ^ (-4e^'v 01 + (g,e 2z + ^\ x e- 2lz + 2^ u e^ z + 0{l)\ 

= ^ ^-^oi&o + 4>l e 2z + Ke~ 2lz ~ 20oo0iie (1 - 4) ^ + O(l) J , x - y < vr 

as |A| — >• oo, which gives (13 . 1 6D . 

ii) Introduce the contour Cq(t) = {A : |A X / 4 | = nr}. Let Ni > N be another integer. 
Consider the contours C (N + §), C (JVi + ±), &D n , n> N. Then (EH, d3~ToD yield on all 
contours 

|p(A)-p (A)Ko(l)e^<|p°(A)|. 

Hence, by the Rouche theorem, p(A) has as many zeros, counted with multiplicity, as p°(A) 
in each of the bounded domains and the remaining unbounded domain. Since p°(A) has 
exactly one simple zero at A = and exactly one zero of multiplicity 2 at — 4(7m) 4 ,n ^ 1, 
and since Ni > N can be chosen arbitrarily large, the point ii) follows, 
iii) The function p is real on M, then r is a zero of p iff r is a zero of p. For large integer 
N the function p has exactly 2N + 1 zeros, counted with multiplicity, in the disk {A : |A| < 
4(7r(iV + |)) 4 } and for each n > N, exactly two zeros, counted with multiplicity, in the 
domain T> n . There are no other zeros. Then p has an odd number of real zeros on the 
interval (— T, T). m 

Lemma 3.4. The functions D± are entire, real on K and satisfy: 

D ± = TT ^ 1 + \ \D±(\)-Dl(\)\^ 7 -^e* + M, A6A, (3.18) 

For each integer N > no for some hq ^ 1 the function D + has exactly 2N + 1 zeros in 
the domain {(Al 1 / 4 < 2tt(N + |)}, the function D_ has exactly 2N zeros in the domain 
{IAI 1 / 4 < 2irN}, counted with multiplicity, and for each n > N, the function D + has exactly 
two zeros in the domain {(A 1 / 4 — 27rn| < ~} ; the function D_ has exactly two zeros in the 
domain {|A 1//4 — %(2n + 1)| < counted with multiplicity. There are no other zeros. 

Proof. Identities (II. 3p . (11.41) yield the first identity in (I3.18p . then D± are entire and real 
on M. The first identity in (13.181) give 



IT — T°l -4- A IT — T°l 
D± - D±\ < l - 1+11 11 < (9e x+ ^ + Ae x ) 



2\z\ 



which yields (I3.18p . Let N' > N be another integer. Let A belong to the contours C (2N + 
1),C (2N' + l),C 2n (±), \n\ > N, where C n {r) = {A : (A 1 / 4 - im\ = vrr},r > 0. Note that 
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e 2 1 



< 4| sin ||, ea- 



< 4| sinh ||, z 



and (13.181) on all contours yield 



A 1//4 , on all contours. Then e^ x+ ^ < 16| sin | sinh || 



£>+(A) - 4 sin 2 - sinh 2 - 



^ o(l)e a 



< 



2 2 ^ 

4 sin - sinh - 
2 



Hence, by Rouche's theorem, D+ has as many zeros, as sin 2 | sinh 2 | in each of the bounded 



domains and the remaining unbounded domain. Since sin | sinh | has exactly one simple 
zero at A = and exactly one zero of multiplicity two at (27m) 4 , n ^ 1, and since N' > N 
can be chosen arbitrarily large, the statement for D + follows. Proof for Z}_ is similar. ■ 



4 Proof of Theorems 1.1-1.3 



Proof of Theorem 1.1. Proof of identities (II. 3p . (jl.4j) and the statements ii), iii) repeats 
the arguments from |BBKj . |CKj . We have only to prove (ll.5p . (jl.6p . Estimates (13.131) give 
Ti(A) = T®(\) + e x O(z~ 1 ), |A| — > oo. Substituting this asymptotics and (13.151) into (II. 3p we 
obtain 



Ai(A) = T°(A) + y/p°(X) + e x O{z- x ) as |A| -»• oo, A G V. 

Using the identity A? = T° + a/p° = cosh 2 (see flUED) we get (TOD . 

Estimates (I3.13P give T(A) = T°(A) + e x+ ^0(z~ 1 ) as |A| — > oo. Substituting this asymp- 
totics and (11.51) into the identity A 2 = |^ (see (14.11) ) we obtain 

A 2 (A) = ~ 1 +e lyl O(z~ l ) as |A| -»• oo, A G V. 

2 cosh z 

Using the identity A° = t~Wz = cos z, we obtain (II. 6p . ■ 

Lemma 4.1. The functions A x + A 2 , AxA 2 are entire, real on R and satisfy: 

A 2 + A 2 = l + T 2 , A X A 2 = 2T 2 - ^±1 = p = l_I + T 1 °, (4.1) 

D ± = (T !T l) 2 -p= (2Tl ^ )2 " T2 , D + -D- = -W. (4.2) 

Proof. By Lemma [2.1} the functions T„, v — 1,2 are entire and real on K.. Identities (11.31) . 
fOD yield gUD, P~2]l . then A x + A 2 , A X A 2 are entire and real on R. * 

Below we need the following results about the Lyapunov function A(A) in the interval 
-1 ^ A < 1 (see Figj3]) 

Lemma 4.2. Let r be a zero of p of multiplicity m and A(r) G (—1, 1). Then m ^ 2. 
i) Let m = 1. 

a) If p'(r) > 0, then A(r) < A^or A 2 ) ^ 1 and A'^or A' 2 ) > on (r,p 2 ), and -1 ^ 
A 2 (or A x ) < A(r) and A' 2 (or A' x ) < on (r, a 2 ), where p 2 is a periodic eigenvalue, a 2 an 
antiperiodic eigenvalue, and p 2 > r, a 2 > r. 



14 




b) If p'(r) < 0, then A(r) < Ai(or A 2 ) ^ 1 and A[(or A' 2 ) < on (pi,r) and -1 < 
A 2 (or Ai) < A(r) and A' 2 (or A'-J > on (ai,r), where pi is a periodic eigenvalue, a\ is an 
antiperiodic eigenvalue, and pi <r,a 1 <r. 

ii) Letm = 2. Then p"(r) > 0. Moreover, A(r) ^ A^or A 2 ) ^ 1 on (pi,P2), A[(or A 2 ) > 
on [r,p 2 ) A[(or A' 2 ) < on (pi, r], —1 ^ A 2 (or Ai) ^ A(r) on (ai, a 2 ) ; A' 2 (or A^) < 
on [r, a 2 ) and A' 2 (or A' x ) > on (ai,r], where pi,p 2 are periodic eigenvalues, a±,a 2 are 
antiperiodic eigenvalues, and p\ < r < p 2 ,a± < r < a 2 . 

raj Let p(A*) > 0, A„(A*) G (—1,1) /or some A* G M, z/ = 1,2. JTien there exist the points 
bi, b 2 such that b\ (orb 2 ) is a periodic and b 2 (orb\) is an antiperiodic eigenvalue and exactly 
one from the following 3 cases holds: 

1111) the function A is real analytic and A' ^0 ons— (bi,b 2 ), A* G s and A(s) C (—1,1), 

111 2 ) there exists a zero r_ of p such that r_ < min{6i,6 2 } and one branch of A is real 
analytic and its derivative ^ on s_ = (r_, 6i) and another branch of A is real analytic and 
its derivative ^ on s + = (r_,o 2 ), 

111 3 ) there exists a zero r + of p such that r + > max{6i,6 2 } and one branch of A is real 
analytic and its derivative ^ on s_ = (bi,r+) and another branch of A is real analytic and 
its derivative ^ on s + = (6 2 ,r + ). 

Moreover, A* G s_ U s + and A(s_ U s+) G (—1, 1) m i/ie cases m 2 ),m 3 ) 

Proof. If r is a zero of p of multiplicity m, then p(A) = (A — r) m g(A), where g is entire 
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function, real on M, and g(r) ^ 0. Identities (11. 3p yield 



A(A) = T\(A) + (A - r)^y/g(X), A G C, |A — r| — 0. 

Consider small neighborhood of the point r and any angle in this neighborhood made by lines 
originating from the point r. The function A maps this angle into the angle y times bigger. 
If m ^ 3, then the domain {|A(A) — A(r)| < 5} PI C + for some 5 > has the pre-image, 
which is a sector with the vertex angle less than tt, and A (A) is real on the sides of this 
angle. If, in addition, A(r) G (—1, 1), then A(A) G (—1, 1) on the sides of this angle. Thus 
A(A) G (—1, 1) for some non-real A. By Theorem 11.11 iii). these A belongs to the spectrum 
of H, which contradicts to the self-adjointness of H. Hence m ^ 2. 

We will prove the statements i), ii), assuming that if p(A) > 0, then a/ p(A) > 0, i.e. 
Ai(A) ^ A2(A). The proof for the other case is similar. 

i) We prove the statement a). The proof of b) is similar. If m = 1 and p'(r) > 0, then p < 
on (r — 5, r) and p > on (r, r + 5) for some 5 > 0. Identity (ll.3p shows Im A x = Im A 2 ^ 
on (r — 5, r) and ImAi = ImA 2 = on (r, r + 5) for some 5 > 0. Moreover, identity ( 11.3j) 
gives 

A', = 7? - (-1)"^=, *=1,2. (4.3) 

The identity (TOD yields A' x > and A' 2 < on (r,r + 5). Due to A(r) G (-1, 1) and 
Theorem 11.11 iii). we have A[ > and A(r) < Ai ^ 1 on (r,p 2 ), where Ai(p 2 ) = 1 (then p 2 
is a periodic eigenvalue) or Ai(p 2 ) < 1 (then p 2 is a resonance). 

Note that p > on (r, p 2 ). Assume that Ai(p 2 ) < 1, i-e. p 2 is a resonance. Then p 2 
is a zero of p and p' < on (p 2 — Si,p 2 ) for some 5i > 0. Identity (14.31) gives A[ < on 
G°2 — ^2,^2) for some S 2 > 0, which contradicts A^ > on (r,p 2 ). Hence A x (p 2 ) = 1, i.e. p 2 
is a periodic eigenvalue. 

The similar arguments show that — 1 ^ A 2 < A(r) and A' 2 < on (r, a 2 ), where a 2 is an 
antiperiodic eigenvalue. 

ii) Let Ai(r) = A 2 (r) G (—1, 1) and r is a zero of p of multiplicity m — 2. Then p(A) = 
(A — r) 2 g(A), g(r) 7^ 0, and p"(r) = 2g(r). Assume (7(r) < 0. Identity (11.31) gives A = 
Ti + i(X — r)^/—g, |A — r\ — >• 0. Consider the mapping A. The interval (A(r) — e, A(r) + e) 
for some e > has the pre-image orthogonal to the real axis A. Due to A(r) G (—1, 1), we 
obtain A(A) G (—1, 1) for some non-real A, which contradicts to the self-adjointness of H . 
Thus if Ai(r) = A 2 (r) G (—1, 1) and r is a zero of p of multiplicity m — 2, then g(r) > 
and p"(r) > 0. Then p > and Im Ax = Im A 2 = on (r — 5,r + 5) for some 5 > 0. 

Repeating the arguments from the proof of i) we obtain the other statements. 

iii) We consider the case v = ^A'^A*) > 0. The proof for other cases is similar. Using 
Theorem [1J] ii) we conclude that A* G (b, b 2 ), where A[ > on (6, b 2 ) and b is a resonance or 
an antiperiodic eigenvalue and b 2 is a periodic eigenvalue. If b is an antiperiodic eigenvalue, 
then we obtain the case mi), where b = bi. If b is a resonance, then Ai (b) = A 2 (b), the 
function A[ > on (6, b 2 ) and, by the statement i) , ii) of this Lemma, A' 2 < on (b,b 2 ), 
where b 2 is an antiperiodic eigenvalue. Then we have the case iii 2 ), where b = r_. ■ 
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Proof of Theorem 11.21 i) Let A a = A(-, ap, aq), a E [0, 1]. The arguments from the proof 
of Lemma |2~T1 show that the fundamental solutions <fj(l, E N°, and then T 1; p, A a , are 
continuous functions of a for all fixed A E C. 

The identity A = cos proves the statement for a = 0. Assume that for a = 1 and 
some n ^ 1 the statement is incorrect. Then there exist ao E (0, 1) such that for this n and 
any sufficiently small e > the statement holds for a = a^—e and the statement is incorrect 
for a = ao + e. Then there exists the open interval a' n 7^ with the endpoint X^_i or A~ 
such that A a_£ (cr^) E (—1, 1). On the other hand, by Lemma l4~2l iii) . a' n = for a = a + e. 
Since e > is any sufficiently small number, it contradicts to the continuity of the function 
A a with respect to a. Hence the statement holds for a — 1. 

ii) Theorem II .21 i) gives that if A E a n for some n ^ 1, then A U (X) E [—1, 1] for some v — 1, 2. 
Identity flEU) yields A G cx(#). Conversely, let A G o-(if). Then flUD shows A„(A) G [-1, 1] 
for some v = 1,2. By Lemma [4.21 iii). there exist the periodic and antiperiodic eigenvalues 
b\, b 2 such that one of the cases — m 3 ) holds. By Theorem ll.2l i). bi, b 2 are A^_ 1( A^ for 
some n ^ 1 and A G o n . Thus we obtain the first identity in (11. 9ft . 

We will prove the second identity in (11.91) . i.e. o n fl o- n +2 = 0- We have [A^L^A"] C 
ff n, [A+, A~ +1 ] C a n+1 , [A+ +1 , A~ +2 ] C (Tn +2 - The estimates A+_ x ^ A~ +1 < A+ +1 , A; ^ A+ ^ 
A~ +2 yield that if o n fl cr n+2 7^ 0, then a = a n fl a n+1 fl a n+2 7^ 0. Then the function A has at 
least three different values at any point A G a. Thus we obtain the second identity in (11.91) . 

We will prove that the spectrum in ©4, given by ( 11.101) . has multiplicity 4. If A belongs 
to the interior of a n n<7 n+ i, then A(A) has two distinct values in [—1, 1]. By Theorem II .11 iii). 
the spectrum at the point A has multiplicity 4. Let A G cr~ fl <r+. Then A X (A) 7^ A 2 (A) and 
Ai(A),A 2 (A) G [—1,1]. By Theorem 11.11 iii). the spectrum at the point A has multiplicity 
4. Thus the spectrum in (3 4 has multiplicity 4. If A G 62, then A^(A) G [—1, 1] for some 
unique v. Then the spectrum in ©2 has multiplicity 2. ■ 

Proof of Theorem 11.31 i) By Lemma 13.21 the function p is real on K. Relations (13. 15ft 
imply p > on [R, +00) for some R E IR. Moreover, asymptotics (11.51) show Ai G' [— 1, 1] 
on [R, +00) for some R E M.. Then using asymptotics (11.61) and Theorem 11.11 ii) we deduce 
that there exists n ^ such that each a n ,n ^ n satisfies: o n = (A^_ 1; A~), the spectrum 
has multiplicity 2 in a n and the intervals (A~, A+) are gaps. 

We will determine ( 11.111) . By Lemma \3. 31 G T> n for all sufficiently large n ^ 1. There 
exist two possibilities. First, Imr+ = Imr n = 0. Second, Imr+ > 0, then r~ = r+. Let 
A = r+ or r~ in the first case, and A = r+ in the second case. Then z = A 1 ' 4 = (l+i)(7m+S), 
where 5 satisfies \8\ ^ l,n > Uq for some n ^ 1. Then asymptotics (I3.16P implies 

27rn+25 / \ 

= p(A) = 1 (0oo(A)e t5 - 0n(A)e~ j5 ) 2 + 40 O1 (A)0 1O (A) + 0(e" 2 ™) J (4.4) 

asn-> +00. Using (13. 8p we obtain = 1 + 0(n _1 ), and 0fcj(A) = 0(n~ 2 ), A; 7^ j. Then 

(14.41) give sin 5 = 0(n _1 ), which yields 5 = 0{n~ 1 ). Using asymptotics (I3.8P again we obtain 

0oo(A) = e-^ a + 0(£ 3 ), n (A) = 6-^0 + 0^), £ = 7^- 
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as n — > +00. Then f |4.4j) gives 



= p(A) 



3 27rn+2<5-?p 



sin 2 (5 + ^) + 0(e 4 ; 



which yields 5 = + 5, 5 = 0(£ 2 ). Substituting this asymptotics and (13.1 Oft into (14.41) we 



obtain 



which yields 



= p(A) 



sm'S + 2e\p' n \ A + 0^ 



sin5 = ±v^Vj + 0(£ 3 ). 
Then 8 = ±V2f \p* n \ + 0(£ 3 ) and 

£Fo 



(r±)3 = (1 +i)(7rn , } 



+ ^) = (1 + (*n - ^ T V2e\P n \ + 0(£ 3 )) 



which yields (11.111) . 

We will prove (Q21) for A = Af n . The proof for A^ is similar. Recall that A = \f n are 
periodic eigenvalues and satisfy det(M(A)— I4) = 0. Identity (13. 5p yields = det($(A)e^ A ' — 
h) = det($(A) -e~ zn ^),z = A?, recall fi(A) = (1, — -1), A G C^. Lemma S3 gives 
z = 2nn + e, where e = ef n satisfy |e| < l,n > n for some n ^ 1. Then 



/0O 



$ — e 



p— 27rn— e 


001 


002 


010 


0n - e 2 ™ +i£ 


012 


020 


021 


P22 — e 


030 


031 


032 



^03 \ 
!>13 



'23 



^33 - e 2 ™ +£ / 



here and below in this proof we write $ = $(A), 0*^ = 0y(A), ... Then 



/0 



— 27rn—e 



det($-e" 2n ) = e 2 ™det 



00 - e 



<Pio 

020 

V e- 2 ™03o 



<Poi 
hi — e 

021 

e~ 2 ™03i 



^02 

!>12 



003 \ 

013 



^22 - e" 2 ™- i£ 2 3 

e" 27m 032 e- 2 ™033 - e £ J 



Using the first estimate in (13.71) we obtain 



det($-e- zn ) = -e 2 ™ +£ ( det 



2irn+e 



>oo - e 



— 2irn— e 



no 
^20 



021 



01 

2irni+ie 



?22 - e 



^02 

12 i + 0(e~ 2 ™) 

— 2irni— is 



which yields 

= det($ - e~ zn ) = -0 oo e 2 ™ +£ (F o + F ± ), F = det 



hi - e" 



<P12 

1)21 022 - & 



(4.5) 
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t-t , , ,,irlO <Pl2 \ , <P02 , / <PlO PlO — e \ -27rn\ 

i*i = -0oi0oo det , , _ ie + — det + 0{e ). 

1 -520 022 - e OO ^020 021 ' 



Asymptotics (13.81) gives 

F = det[ e ^- ei£ + °^ 3) lPo ° (n_2) ], F 1= 0(n-% (4.6) 

1 0(n- 2 ) g^-e-^ + O^- 3 ) ' 

A = A which yields F = 2 - 2cos(e + g) + 0(n" 3 ). Identity F + F 1 = gives £ = 
+ e,£ = 0(£§),£ = Moreover, e"^ - e i£ = O(^) and - e ~ i£ = 0$). 

We obtain F = 2 - 2cos(e + §) + 0(£ 4 ), then e = 0(n~ 2 ). Asymptotics (ESD provides 
0ii (A) - e i£ = O(£ 2 ),0 22 (A) - e~ i£ = 0(£ 2 ). Substituting (jXSj) . (jXSD into (03]) we obtain 
Fi = 0(n~ 6 ) and 

Fn = det (e-%-f+o(e) -ie~Z+o(e) 

= det ( e "^( 1 - e ^ + °^ + °(£ 3 ) 

V -|eV 2 n + C(a e^(l-e--) + 0(e 2 



2-2co B e4-(sin^+ B in(e-^ 



The identity F + Fi = gives e= ±^-|p' 2 J + 0(£ 3 ). Then 

(A±)* = 2™ - % ± + 0(£ 3 ) 



which implies f 1 1 . 1 2 f) for A^. 

ii) Using the identities ( 14. lj) . ( 14.2ft . asymptotics ( 11. lip . ( 11. 12ft and repeating the standard 
arguments from |BK] . based on the Hadamard factorizations of the entire functions D±, p, 
we obtain the needed statements. ■ 



5 The spectrum for the small potential 

Proof of Theorem 11.41 The arguments from the proof of Lemma 12.11 show that each 
function T u (X,ep),u = 1,2 is entire in (A, e) G C 2 for fixed p. Then T £ (X) = T u (X,ep) and 
p e (X) = p(X, ep) , D±(X) = D±(X,ep) are entire functions of e. Using p = 0,p' 6 L 2 oc (IR) we 
can assume p(0) = 0. Lemma [2.11 gives 

T £ (X)=T°(X)+sX(X) + 0(e 3 ), e^0, (5.1) 

uniformly on any bounded subset of C. Substituting (15. ip into (11.31) we obtain 

P £ (X) = p°(X)+E 2 p(X,e), p(X, e) = y - 2T 1 Q (A)?7i(A) + 0(e), s^0, (5.2) 
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uniformly in any bounded domain in C. The function p° has simple zero A = and p is 
analytic at the point (A, e) = (0, 0). Applying the Implicit Function Theorem to p £ = p°+e 2 p 
and -7^p £ \x= £ =o ^ 0, we obtain a unique solution Tq (e), \e\ < £i,Tq (0) = of the equation 
p e (A) = 0, |e| < E\ for some E\ > 0. 

Substituting (15.11) into ( 14. 2ft we obtain 

D° + (\) = D° + (X) + e 2 D + (X,e), D + (X,e) = 2(2T 1 °(A) - 1)771 (A) - ^ + 0(e), (5.3) 

as e — > 0, uniformly in any bounded domain in C. The function has simple zero A = 
and D + is analytic at the point (A, e) = (0,0). Applying the Implicit Function Theorem to 
D £ + = D+ + e 2 D + and ^D^_| A=e=0 7^ 0, we obtain a unique solution Aq (e), |e| < e%, Xq (0) = 
of the equation D+(X) = 0, |e| < E\ for some e\ > 0. 

We determine asymptotics (031) . (fl~T4j) . Identities (TTTHji . (F2~5|) yield 

T°(A) = 1 + ^A + 0(A 2 ), t ?i/ (A)=v„ + 0(A), |A| -+ 0, ^ = 1,2, (5.4) 

where are given by ( 11.151) . Let A = r (e). Identity ( 11.81) gives p°(A) = f + 0(A 2 ),e — > 0. 
Substituting this asymptotics into the first identity in (15. 2D we obtain = p e (A) = 4 + 
0(A 2 ) + 0(e 2 ),e -> 0, which yields A = 0(e 2 ). Then p°(A) = f + 0(£ 4 ), and substituting 
(15.41) into the second asymptotics in (15.21) we obtain p(X,e) = y — 2t>! + 0(e), e — > 0. 
Substituting these asymptotics into the first identity in (15.21) again we obtain 



= p £ (A) = - + e 1 1 ^ - 2 % 1 + O(e^), A = r ~(e), £ -> 0, 

which yields the first asymptotics in ( 11. 13ft . 

Let A = Af(e). Identities flTHJ) imply D^-(A) = -\ + 0(X 2 ),e -> and the first identity 
(jPD gives = (A) = -f + 0(A 2 ) + 0( £ 2 ), which yields A = 0{e 2 ). Then D° (A) = 
— | + 0(e 4 ) and substituting (15.41) into the second asymptotics in (15.31) we obtain D + (X,e) = 
2v\ — y + 0(e). Substituting these asymptotics into the first identity in (I5.3P we have 

= D* + (X) = ~\+e 2 - V A + 0(e 3 ), X = A+(e), e -> 0, 

which yields the second asymptotics in (11 . 13j) . 
We prove (Oil! . Asymptotics (OBI . (Oil give 

p £ (A+) = 52/(6), y(e) = (p £ )'(r -) + O( S ) = (p°)'(r ) + 0( £ 2 ) = ^ + 0(e 2 ) as e ^ 0, (5.5) 

where s = Xq — r$ — ► 0. Substituting p £ (Ag ) = sy(e) into the identity D + = (Ti — l) 2 — p 
(see (I4.2p ). and using _D + (Aq ) = we obtain 

s-X -r - ^ . (5.6) 
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Substituting asymptotics (11.131) into (15.11) and using (15.41) . we obtain 

Tt(\+) = l-e 2 A + 0(e 3 ), A = g - ^, ,-0. (5.7) 

Substituting (RT5jl . flBTTD into (ESD we have (Q4l) . 

Recall the identity A^ = T-f - (-l)"^, z/ = 1, 2. Then 



Al(X) = Tl (ro ) - (-l) v yJ\-roVrte) + 0((A - r ")i ), A - r " - +0. 

Hence the function Af is increasing and A| is decreasing in some interval {tq,Tq +e), e > 
(see Fig. ((25). Asymptotics (OIL (1577)1 give 

A £ 1 (r -) = A £ 2 (r -)=T 1 £ (r -)=T 1 £ (A+)+O(e 4 ) = l-e 2 A + O(e 3 ) as £ - 0. 

Below we will prove that A > 0. Then there exists 5 > such that — 1 < Af(r^) < 1 for 
each e : — 5 < e < 5. Due to Af is increasing in (t~q , r$ + e), e > and Theorem 1.1 iv), Af 
is increasing in the interval (tq , Ao(e)), where Af (Ao(e)) = 1- Hence Aa(e) = Af n (e) for some 
n. Note that A (0) = 0, since A?(A) = cosh z. Recall A^(0) = 0. Then A (e) = Af(e). Hence 
— 1 < Af < 1 on a = (tq (e), Aq (e)) and A|(Aq) = 1. Moreover, substituting asymptotics 
(15.11) . (15.21) into the identities A 2 = T-f — i/p^, we obtain A 2 = cos 2; + o(e),e — > 0. Then the 
function A| + 1, —5 < £ < 5 has no any zero in the interval a. Then — 1 < A| < 1 on a. By 
Theorem 1.1 hi), the spectrum in the interval a has multiplicity 4. 
Now we will show that A > 0. Using (I1.15P direct calculations give 

A= f f(u) [ p(t)p(t - u)dtdu, f{u) = u(u-l). (5.8) 

JO Ju 

We have 

' (27mr ^— ' 

n v 7 n 

Substituting these identities into ( 15. 8ft we get 
4 = /VoO ( p{t) P {t-s)dtds = Y jPnPm I f(s)ds f e^ n+m »e- i2 ™ s dt = F 1 + F 2 , 

Jo Js mn Jo Js 

where 

fn fm n 



and 



00 „i 
^i = El^! 2 / /(^)(l-^)e- i2 ™^. 
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Note that 



/ f(s)(l- s)e- l2nns ds = J2 [ (1 - s)f k e i27r{k - n)s ds = J2 

J ° k J ° k+n 



~fk fn 



i2ir(k-n) 2 



Then 



since p = 0, F x is real, fk > 0, k ^ 0. ■ 

6 Appendix 

We will solve (I3.3P in terms of fj = z~ 2 e~ ztuJ] g(-,$j). Each fj,j E N° satisfies the equation 



1 3 f 1 

fj = V j + —y^^nVnWnj, W nj (t, X) = e nj (t - S, X)fj(s, X)d,S, 

2 n=0 ^° 



(6.1) 



where Vj = u 2 p + + 



e#m-»,) x (-t) t X k < j (0, iff<0 

««(«.*) = < - e *^) xW , Bi>J • xW = (i, ttt>0 ' (6 ' 2) 

If (fc, j,t) G (M§) 2 x R and (j - fc)t > 0, then |e 2 *^| = e tRa («y) <; e * Rc( ^ fc) . Hence 

| ejy (*,A)|<l, (k, j, t, X) E (N°) 2 x R x C. (6.3) 

Lemma 6.1. For each (j, A) £ N|j x Ai £/ie integral equation ^6. 1\) has the unique solution 
fj(-, X) E -^ 1 (0, 1). Each function fj(t, -),t E [0, 1] is analytic in Af and satisfies 

||/ i (.,A)||^2x, (j,A)GN»xA, (6.4) 

Proof. Iterations in (16.1 1) provide the identities 

00 1 r 1 

fj = ^>> fi>° = v i> A ) = J~ / ^i(*> s ' A )/?>-i( s > A ) rfs ' n ^ X > ( 6 - 5 ) 

n=0 ^ ^° 

where s, A) = ^gu; n f n (t, X)e n j(t — s, A). Identity (16.51) give 

fj,n(t,X) = j Kj(t,t n , X)Kj(t n ,t n -i, X)...Kj(t 2 ,ti, X)fjfi(ti, X)dt\...dt n . 



Using (I6.3p we have 



max{i|^-(t, s, X)\, \f ji0 (t, A)|} < \p(t)\ + ^ + (t, s, A) E [0, l] 2 x 
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and 



Hz h 



[0,1]™H 

1 (n ,, Ib'll kll\ n+1 X n+1 

^— (lbil + ^r + S) ^ TTkT' N>!- (6-6) 



| jar J |2| / \z\ 

These estimates show that for each fixed A G Ai series (16.51) converges absolutely and uni- 
formly on the interval [0, 1]. Hence it gives the unique solution of equation (16. ip . For each 
i G 1 the series (16. 5ft converges absolutely and uniformly on any bounded subset of Ai. 
Each term of this series is an analytic function of A in Af . Hence for each fixed t G [0, 1] 
the function fj(t, ■) is analytic in A G Af. Summing the majorants we obtain ^ \->l. , 

which yields ( 16. 4p . ■ 
We will show that 

0fcj(A) = S kj + ^w kj (xk-j, A)s fc _ j - j^A- ^2 ^ r w kr (0, X)w rj (xr-j, X)s r _j 

+ 7Tl3 UrUnWknfi, X)w nr (0, A)w rj (Xr-j, A)s r -j - ^ ^ CJ r .u; r . r+ i(0, A), 



(6.7) 



. 0, if n < -1 if n< 

A G Ai, where X n = { , s n = < 

1 it n > 1 it n > 



Proof of Lemma [3.11 The matrix *M(t, A) = {ipf\t, A)}}^ - =0 satisfies 

M, (t, A) G [0, 1] x C, jM(0,A)=/ 4 - (6- 



Af 



/ 1 \ 

10 

1 

\ X — q —p' —p J 



The matrix 6 is a solution of ( 16.81) and Ai(t,-) = OtQo 1 ^ G [0,1]. Using ( 13.61) we obtain 
M = M{1, •) = Z^^iZ^o)- 1 , which yields (l3~oD . 

By Lemma 16.11 \I/ is analytic in Af, then $ is also analytic. Identity (13.61) for ^ t 
{^Pkj(t,-)}l d=0 implies ip kj = z'^fh'^, and identities (I6~T|) show ^ fei = + 

3 

S S w n +lw ni, which yields 

n=0 



* 1 = ^+™ X = {uj^I j=0} W t = {w kj (t,-)}l j=0 . 



The last identity in (I3.5P implies 



$ = (X-^o)" 1 ^ 1 ^! = [h + -T ~ M4 + 



4z y V 4^ 
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Identities (16.21) give 

w kj (Q,\) = 0, k^j, w kj (l,X) = 0, k<j. (6.9) 
Hence (1W ) 4 = and (J 4 + = E?(-l) n (^)"- Then 

4 (4z) 2 (4z) 3 y V 1 0J (4^) 4 ' 

Identities (16.91) yield w k j(l, A) — t%(0, A) = w k j(xk-j, X)s k _j, which implies (EJ). 
Estimates (jOi . flOD give ||w„/(-,A)|| ^ 2x, A G A 2 . Then © implies 

x ,„ ,,fx\ 2 (A — k)(3 — k)/ x\ 3 / x x 1 



i^M-^^ + p-^-j + - — >j — ^-j +V22 

Since |z| ^ 3x for A G Af , we have the second estimate in (13 .7\\ . Using this estimate, we 
obtain \4>jj(X)\ ^ 1 + \<f>jj(X) — 1| ^ 1 + -rr, which yields the first estimate in (13.71) . 

Let us denote (E k jf)(t, A) = e k j(t — s, X)f(s)ds for the function / G L l {Q, 1), where 
ekj are given by ( 16.2ft . Let k ^ j. If /' G L 1 (0, 1), then integration by parts gives 



(E hj f)(t,X) = _ [J(t) - e^'^-^fixj-k) + (E kj f')(t,X)j. (6.10) 
Identity (16.11) yields 

fj = v i + J- Z v i w 3i + J- z u n v n w nj , Vj = J] V + + ^> w kj = E kj fj. (6.11) 

Substituting (I6.1ip into the last identity and using (16.101) we obtain Wkj(Xk-j, A) = 0(z~ r ) 
as |A| — > oo. 

Identity (jSJ) imlpies 

0fcj(A) = 5 kj + ^w kj (xk-j, X)s k _j + 0(z~ 4 ) as |A| -> oo, k,j G N°. (6.12) 

This yields the first asymptotics in (13.81) . Let z — (1 + i)7m+ 0(n _1 ). Then z(uq — U\) — 
z (l + z) = -2ivm + O^" 1 ), (£7 O i(w0fci))(O, A) = O^ 1 ), jfe G M°, and fjBTTOl) . (IftTTTj) give 



u; i(0, A) = (£„i/i)(0, A) = ^ 2 (£ ip)(0, A) + -L(E 01 j/)(0, A) + 0(n~ 2 ) 

0(n- 2 ) = -2^„ + 0(a- 



wqWi(£ ! oiP')(0 j A) _., 



z(u; - wi) 

Substituting this identity into (16.121) we get 0oi(A) = (1 — i)£ 2 p' n + 0(£ 3 ) as z = (1 + i)im + 
0{n^ 1 ),n — > oo. The similar arguments imply 0io(A) = (1 + i)£, 2 p' n + 0(£ 3 ), which yields 
113. 10p . The proof of ( 13. 9ft is similar. 
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We will prove the second asymptotics in (13.81) . Identities (16. II) . (16.21) . (16.1 ip provide 

w jj {l,\) = -[ fj(t,\)dt= -u 2 j pQ+ L ^- + 0(z~ 2 ) as [A| — »• oo. 
Jo ' 8z 

Substituting this asymptotics into (16.121) we obtain 

fe(A) = 1 + A) + O(z^) = 1 - ^ + gj + 0(z-% 

which yields the second asymptotics in (13.81) . ■ 
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